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ABSTRACT 

Most of the modern aircraft fly with the help of multi autopilot systems that help the 
pilot to reduce his effort in flying the aircraft especially in long duration flights. 

In this paper, Lateral autopilots have designed using discrete model following technique 
that allow placing the closed loop poles and zeros of the designed transfer function to new 
locations to achieve the desired closed loop response. Bank angle, heading angle and 
horizontal loop autopilots have been designed. The designed autopilots have tested on six 
degree of freedom non-linear aircraft simulation program. 

 
Keywords: Autopilot, Aircraft, Model Following, Design, Control, Automatic, Lateral. 

Introduction 

Many methods have been used to design aircraft autopilots. Taha et al. (2009) state 
feedback, pole placement, lag controller, and model reference adaptive control techniques 
have been used in the design of Rate of climb autopilot. No et al. (2006) classical root-locus 
and Bode frequency method were used to design the altitude stabilization, speed and flight 
path angle autopilots. Also the concept of zero effort miss was effectively used to propose a 
guidance law that is applicable to the problem of arbitrary trajectory-tracking control. In the 
proposed guidance scheme, the commands are given in terms of speed, flight path and 
heading angles so that they may be easily fitted with the existing control configuration, 
Giampiero et al. (2007) the design of a formation control was based upon an inner and outer 
loop structure. The planar outer loop guidance laws were designed using feedback 
linearization while the outer loop for the vertical channel was designed with a compensator. 
The inner loop linear controllers were also designed using classical compensation approaches, 
Taha et al. (2009) a supervisory control system has been designed to manage the engagements 
and disengagements of different autopilots and passing the command inputs to them to make 
the aircraft achieve the required trajectory. 

In this paper different Autopilots are designed using Model Following Technique in 
discrete time. These Autopilots are chosen so that they can be used in Guidance System to 
prompt the Aircraft to achieve a certain flight path in lateral plan. These Autopilots are the 
bank angle, heading, and horizontal loop Autopilots. Each Autopilot will be simulated on an 
aircraft non-linear simulation program (Brain, 1992) to state on the response of the aircraft 
and check its capabilities of achieving smooth and acceptable maneuvers. Delta Aircraft data 
(Etkin, 1982) at flight condition 3 has been used in this paper. 

 
Autopilot Design Procedure 
 

The aircraft dynamics may be defined from the state space representation of lateral 
motions which is in the form: 

�̇ = �� + �� 
� = �� + �� 
Where � is the states vector of the lateral motion. 
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If the aircraft input is the aileron deflection (� = ��) and  � = [���∗ �′�� �′�� 0 0]� 

If the aircraft input is the rudder deflection (� = ��) and � = [���∗ �′�� �′�� 0 0]� 

Where 

���∗ =
���

��
 ���∗ =

���

��
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Consider the transfer function 
�(�)

�(�)
 to be the open loop transfer function that has the output to 

to be controlled (�) using the model following technique (Astrom, 1990) by replacing the 

open loop poles and the open loop stable zeros with a well damped closed loop poles and 

zeros to satisfy the designer requirements. The block diagram of the closed loop system with 

output feedback discrete model following controller is shown in fig.1. 

 

Fig.1: Block diagram of a closed loop system using the model following technique 

From the block diagram in figure 3-1, the closed loop transfer function 
�(�)

����(�)
 or  

��(�)

��(�)
  can 

be obtained by the following analysis: 

�(�) =  �(�)
�(�)

�(�)
 (1) 

�(�) =  
�(�)

�(�)
 ����(�) −  

�(�)

�(�)
 �(�) (2) 

By substituting eq.2 into eq.1 

�(�)

����(�)
=

��(�)

��(�)
=  

�(�)�(�)

[�(�)�(�) + �(�)�(�)]
 (3) 

The problem here is to choose the polynomials �(�), �(�), ��� �(�) such that the closed loop 

transfer function  
��(�)

��(�)
  satisfies the design requirements. 
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We may use the following procedure to calculate  �(�), �(�), ��� �(�). 

1) Construct ���, ��� matrices from the aircraft data and initial conditions 

��� = �
� �
0 − �

�  ,  ��� = �
0
�

� 

The servo transfer function are  
�(�)

�(�)
 ,  

�(�)

�(�)
=  

�

� + �
 (4) 

Applying inverse Laplace transformation with zero initial condition to eq.4, yields 

�̇ =  − � � + � � (5) 

Where � is the aircraft control surface deflection (e.g. ��, ��, ⋯) which is the new state added to 

the state vector � and � is the new input instead of �. The new state space representation is: 

�̇�� = ������ + ������ (6) 

� = ������ + ������ (7) 

2) Define output y (e.g. y = � in case of bank angle autopilot). 

3) Choose ��� to satisfy eq.7 where ��� is the relation between the output � and the state space 

variables ��� and it is 1 × 5 matrix.  

(e.g. if the output is the bank angle �, ��� = [0 0 0 1 0]). 

4) Choose suitable sampling time using eq.8 (Katsuhiko (1995) 

����� ≤
������� ���� ��������

5
 (8) 

5) Construct ����, ����matrices in discrete time domain using z-transformation 

Use MatLab command c2d(), to get ����, ����, ����, and ���� matrices which are the aircraft 

dynamics.  

6) Obtain transfer function �(�) from eq.9 

�(�) = ����(� � − ����)�� ���� + ���� (9) 

7) Get stable zeros ��(�) and unstable zeros ��(�) from �(�) 

8) get degree of ��(�), ��(�), ��� �(�) from the following equations 

���������(�)� = ��������(�)�− ���������(�)�− 1 

(10) ���������(�)� = ��������(�)�− ���������(�)�− 1 

��������(�)� = ��������(�)�− 1 

9) Choose the new closed loop poles to satisfy the design requirements ��(�) 

10) Solve to get ��(�), �(�) using   

�
��

�
�

��×�
= [� ��]��×��

��   [����]��×� (11) 

11) get �(�) from  

�(�) = ��(�)��(�) (12) 

12) Choose the new stable zeros to be well damped zeros ��
� (�) 

13) get �(�) from  
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�(�) =  ��
�(�)��(�) (13) 

14) Save the polynomials �(�), �(�), ��� �(�) to be used later. 

 

After constructing 
�(�)

�(�)
 and 

�(�)

�(�)
 , a general block diagram for lateral autopilot (John, 1991) 

shown in fig.2 and continuing the steps to obtain the control surface deflection � as a function of 

the system parameters. 

 
Fig.2 Model following Autopilot Block Diagram 

 

15) Expand the polynomials �(�), �(�), and �(�) in the following form 

�(�) = ���� ���� + ���� �
��� + ⋯ + �� 

(14) �(�) = ���� ���� + ���� �
��� + ⋯ + �� 

�(�) = ���� ���� + ���� �
��� + ⋯ + �� 

16) From the autopilot block diagram of fig.2 we may obtain �(�) of the form 

�(�) =  
��

� + ��
 �

�(�)

�(�)
 ����(�) −  

�(�)

�(�)
 �(�)� (15) 

17) Substitute eqs.14 into eq. 15  

�(�) =  
��

� + ��
 �

���� ���� + ���� �
��� + ⋯ + ��

���� ���� + ���� �
��� + ⋯ + ��

 ����(�)

−  
���� ���� + ���� �

��� + ⋯ + ��

���� ���� + ���� �
��� + ⋯ + ��

 �(�)� 

(16) 

18) Expand eq. 16 

�(�)[���� �� + ���� �
��� + ⋯ + ��� + ������ ���� + ������ �

��� + ⋯ + ���� ] 

=  ��(���� ���� + ���� �
��� + ⋯ + ��)����(�)

− �� (���� ���� + ���� �
��� + ⋯ + ��) �(�) 

(19) 

19) Applying inverse z-transform to eq.17 and rearrange 

�(�) =
1

����
�− (���� + ������) �(� − 1) + ⋯ + �����(� − �)

+ �����������(� − 1) + ⋯ + ������(� − �)�

− �� ����� �(� − 1) + ⋯ + ���(� − �)�� 

(18) 

Where 

���� = � ����� , � = 0,1,2, ⋯ (19) 

Eq.19 is the control surface deflection angle function in terms of input ���� and output � that 

satisfies the design requirements of the chosen closed loop transfer function  
��(�)

��(�)
 .  
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Bank Angle Autopilot 

This autopilot is designed to control the bank angle of the aircraft for which the block 

diagram is shown in fig.3. 

 
Fig.3 Bank angle discrete time model following autopilot 

In this autopilot, aileron is used to control the bank angle (�), in eq. � = �� and in eq.8 � =

� which yields to ��� = [0 0 0 1 0]. Then using the z-transformation with sampling 

time 0.02 seconds, we get the state space representation of aircraft dynamics in discrete time 

domain, then from eq.9 we get the open loop transfer function �(�) as: 

�(�)

=
− 4.665� − 6 �� − 3.695� − 6 �� + 3.468� − 5 �� − 3.551� − 5 �� + 5.064� − 6 � + 4.125� − 6

�� − 5.782 �� + 13.92 �� − 17.85 �� + 12.87 �� − 4.94 � + 0.7895
 

(20) 

The zeros of �(�) are 1, 0.995 ± 0.024�, − 0.253, ��� − 3.5291. By changing the poor 

zeros 0.995 ± 0.024� ��� 1 to well damped zeros at 0.5 , we choose the closed loop poles as 

follows; the first pair are critically damped poles having a settling time of  7 ������� , the 

second pair has a settling time of 3.5 ��� and a damping ratio of 0.8, the third pair has a 

settling time of 1.75 ������� and a damping ratio of 0.5, then construct ��(�) from the 

closed loop poles and ��′(z) from the new stable zeros. Now it is easy to get the controllers 
�(�)

�(�)
 and  

�(�)

�(�)
 as follows: 

�(�)

�(�)
=

�� − 1.247 �� + 0.3706 �� + 0.0647 �� − 0.0316 �

�� − 2.7829 �� + 2.3497 �� − 0.33861 �� − 0.2397 � + 0.0115
 (21) 

�(�)

�(�)
=

1754 �� − 9244 �� + 19410 �� − 20302 �� + 10582 � − 2200

�� − 2.7829 �� + 2.3497 �� − 0.33861 �� − 0.2397 � + 0.0115
 (22) 

We substitute the controller coefficients into eq.18 to get the aileron deflection angle function. 
The unit step response of the closed loop transfer function is shown in fig.4 from which the 
settling time is 10 seconds without overshoot. 

 

Fig.4: Unit step response of Bank angle autopilot 
Now the bank angle autopilot is implemented within the aircraft simulation program for step 

inputs 10°, 20°, ��� 50°, and the results are shown in fig.5. 
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Bank angle [degree] 

 

Angle of attack [degree] 

 

Aileron angle [degree] 

 

Altitude [meter] Heading angle [degree] 

 

Fig.5: Flight variable response to 10°, 20°, and 50° step bank angle commands 

 

When applying the bank angle autopilot, the roll angle causes loss of lift as it is divided into 

two components; that is why we have a decrease in the altitude when the bank angle autopilot 

is on. So it’s a must to use this autopilot simultaneously with using the altitude autopilot and 

zero altitude hold command. Fig.6 shows the flight variables response for the same step angle 

inputs but with altitude autopilot working at zero altitude hold command. 
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Bank angle [degree] 

 
 

Angle of attack [degree] 

 

Aileron angle [degree] 

 

Altitude [meter] 

 

Heading angle [degree] 

 

Fig.6: Flight variable response to 10°, 20°, and 50° step bank angle commands with zero 
altitude hold command to altitude autopilot 

 

Heading Autopilot 

 

The heading autopilot has designed to control the heading angle of the aircraft. In this 

autopilot, we will use the bank angle autopilot as the inner loop and select the proportional 

controller such that the closed loop response satisfies the design requirements to be a well damped 

response. The block diagram for such autopilot is shown in fig.7. 
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Fig.7: Heading autopilot using bank angle model following as inner loop 

To obtain the value of proportional controller gain �, we will use the root locus method, by 

plotting the root locus for the open loop transfer function of the heading autopilot �(�) where, 

�(�) =
�(�)

����(�)
 
�(�)

�(�)
 (23) 

Where 
�(�)

����(�)
 is the closed loop transfer function of the bank angle autopilot, then we get the 

transfer function 
�(�)

�(�)
 as 

�(�)

�(�)
=

�(�)

��(�)
 
��(�)

�(�)
 (24) 

�(�)

��(�)
 and  

�(�)

��(�)
  can be obtained from equations (3-22) and (3-23) by setting � = �� and � =

[0 0 0 0 1] for 
�(�)

��(�)
 and � = [0 0 0 1 0] for 

�(�)

��(�)
 . Then we substitute into 

equation (3-41) to transform from state space representation to transfer function form as: 

�(�)

��(�)
=

− 0.9 �� − 1.08 �� − 0.1412 � − 0.2098

�� + 11.82 �� + 19.72 �� + 16.8 �� + 16.22 �� + 0.1276 �
 (25) 

�(�)

��(�)
=

− 3.7 �� − 1.751 �� − 5.596 �

�� + 11.82 �� + 19.72 �� + 16.8 �� + 16.22 �� + 0.1276 �
 (26) 

Substituting in equation (3-54) yields: 

�(�)

�(�)
=

0.9 �� + 1.08 �� + 0.1412 � + 0.2098

3.7 �� + 1.751 �� + 5.596 �
 (27) 

Substituting into equation (3-53) yields: 

�(�) =
0.2432 � + 0.2985

�� + 8 �� + 41.55 �� + 79.51 �� + 118.8 �� + 67.4 �� + 13.93 �
 (28) 

Using the z-transformation with sampling time 0.02 ���. , yields �(�) as 

�(�) =
( 2.12 �� + 116.5 �� + 500.2 �� + 3.124 �� − 477.6 �� − 107.2 � − 1.878 ) × 10���

 �� − 6.836 �� + 20.04 �� − 32.63 �� + 31.89 �� − 18.71 �� + 6.098 � − 0.521
 

 (29) 

 

The root locus of open loop transfer function G(z) is shown in fig.8, and the design 

point in was chosen such that the damping ratio of the closed loop transfer function is 0.98 

and with no overshoot. The proportional controller gain to satisfy this design point is k =

3.85 . The unit step response for the heading autopilot with k = 3.85 is shown in fig.9, with 

settling time of 25 seconds and no over shooting. 
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Fig.8 Root locus design for open loop transfer function �(�) = �(�)/����(�) 

 

 
Fig. 9: Unit step response for heading autopilot, � =3.85 

 

Now apply the heading autopilot on the aircraft simulation program for step input 

heading angle command 5, 15, and 25 holding the aircraft at its initial altitude with altitude 

autopilot. The results are shown in fig.10, which clarify that the large step heading inputs 

cause high deflection in the aileron control surface that causes a high bank angle and might 

exceed the bank angle limits towards aircraft stall. Thus we will use ramp inputs instead of 

step for large heading angle command with suitable command rate i.e. 

���� = �
�̇��� �                       , ���� < ���������

���������
                  , ���� ≥ ���������

 (30) 
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The results for ramp input command of 90� with command rate of 1.8 and 0.9 degree/second 

are shown in fig.11. 

Heading angle [degree] 

 

 

Elevator angle [degree] 

 

Aileron angle [degree] 

 

Bank angle [degree] 

 

Angle of attack [degree] 

 

Fig.10: Flight variable response to 5o, 15o, and 25o heading angle step commands to heading 
autopilot and zero altitude hold command to altitude autopilot 
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Heading angle [degree] 

 
 

Elevator angle [degree] 

 

Aileron angle [degree] 

 
Bank angle [degree] 

 

Heading rate [degree] 

 
Fig.11: Flight variable response to 90o  heading angle ramp command with command rates 

1.8 and 0.9 degree/second and zero altitude hold command to altitude autopilot 

 

Horizontal Loop Autopilot 

 

This autopilot is responsible to make the aircraft fly on horizontal loop in lateral plan by 

controlling the inverse of the turning radius of the aircraft motion �� where �� =
�

�
 and � is 

the aircraft level turn radius. The turn radius � can be calculated from knowing two 

successive aircraft locations and its heading angle at these locations. Fig.12 shows a 

geometric analysis of the aircraft turning through two successive points. 

From fig.12 we may obtain the aircraft turning radius � as follows: 

� =
�/2

cos �
 (31) 
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Where  � = �(���� − ��)� + (���� − ��)� ,  � =
�

�
−

�������

�
 

� =
�(���� − ��)� + (���� − ��)�

2 cos �
�
2 −

���� − ��
2 �

 (32) 

 

 

Fig.12: Turn radius of an aircraft 

We shall use the Bank angle autopilot as the inner loop of this autopilot and the outer 
loop is a unity feedback of the measured inverse turning radius �� and controlled by integral 
controller, a block diagram for such autopilot is shown in fig.13. 

 
Fig.13: Block diagram of Horizontal loop autopilot 
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We will test this autopilot on the aircraft simulation program and engage the altitude 

autopilot with zero altitude hold command to avoid the loss of altitude due to aircraft turn. We 

shall choose the value of the integral controller gain by testing multi values on the aircraft 

motion and then choose a suitable value. The results of the Horizontal loop autopilot for turn 

radius command of 10000 (�����
= 10��) at �� = 1, 5, 10, ��� 15 are shown in fig.14. The 

gain �� = 10 is chosen to be the value of the controller as the response at this value has a 

settling time about 30 seconds and a small overshoot (about 2%). 

 

Fig.14: �� response to Horizontal loop autopilot for 10000 [meter] turn radius command 
(�����

= 10-4) 

 

After we had chosen the gain value for the controller, we shall test the Horizontal loop 

autopilot for different step inputs of step turn radius 10000 and 20000 meters for which the 

results are shown in fig.15. 
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Bank angle [degree] 

 

Heading angle [degree] 1/Turn radius [meter-1] 

Lateral motion in X-Y plan [meter] 

 

Turn radius [meter] 

Fig.15: Flight variable response to 10 km and 20 km turn radius step command to Horizontal loop autopilot 

Conclusion 

  

Lateral autopilots has designed using discrete model following techniques, bank angle 

autopilot was designed and used as the inner loop of the heading autopilot, while the outer 

loop was a simple proportional and its gain determined by the root locus method. Finally, the 

horizontal loop autopilot was designed which is responsible to fly the aircraft on a horizontal 

loop and the command input was the inverse of the required horizontal loop radius. This 
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autopilot is engaged while the altitude autopilot is engaged with zero altitude command to 

keep the aircraft fly on level-turn. 

List of symbols and abbreviations 

�, �, � Aircraft velocity components along 
body axis 

� Laplace transformation parameter 

�, �, � Aircraft angular velocity components 
along body axis 

����� Sampling time 

���, ���, ���, 

 ���, ��� 

Moments of inertial of the aircraft � Z-transformation parameter 

�, �, � Aircraft Euler angles ��, ��, �� Elevator, aileron, and rudder deflections 

� Angle of attack � Side slip angle 

� Gravitational acceleration �� Aircraft initial flight path angle  

�� Aircraft initial velocity in x-axis �� The aircraft yawing moment dimensional 
derivative due to change of parameter � 

�� The aircraft force dimensional 
derivative acting on y-axis due to 
change of parameter � 

�� The aircraft Rolling moment dimensional 
derivative due to change of parameter � 
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